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Gravitational Chern-Simons and the Adiabatic Limit
Brendan McLellan
Department of Mathematics, University of Toronto, Toronto, Ontario, Canada M5S 2E4∗
We compute the gravitational Chern-Simons term explicitly for an adiabatic family of metrics
using standard methods in general relativity. We use the fact that our base three-manifold is a
quasi-regular K-contact manifold heavily in this computation. Our key observation is that this
geometric assumption corresponds exactly to a Kaluza-Klein Ansatz for the metric tensor on our
three manifold, which allows us to translate our problem into the language of general relativity.
Similar computations have been performed in [1], although not in the adiabatic context.
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I. INTRODUCTION
The gravitational Chern-Simons term was first introduced in the physics literature by S. Deser, R. Jackiw, G. ’t
Hooft and S. Templeton (See [2], for example). The reduction of the gravitational Chern-Simons term from three to
two dimensions was subsequently investigated in [1] for an abstract three-dimensional space-time. A key observation
in [1] is that setting a Kaluza-Klein Ansatz for the metric tensor effects a reduction from three to two dimensions for
the gravitational Chern-Simons term. Our first observation is that the natural associated metric for a quasi-regular
K-contact three-manifold satisfies this Ansatz. Although the work in [1] necessarily computes the gravitational
Chern-Simons term for our class of three-manifolds, we must extend the results of [1] to perform this calculation for
the adiabatic family of metrics in Eq. (7).
The main goal of this paper is to study the gravitational Chern-Simons term with respect to an adiabatic
family of metrics. We note that the terminology adiabatic limit in this paper is meant to describe the limit in Eq. (5)
with respect to the adiabatic family of metrics in Eq. (7). We borrow this terminology from [3], where one considers
the adiabatic limit for the family of eta-invariants,
η(⋆ǫd), (1)
where d : Ω1(X)→ Ω2(X) is the standard exterior derivative on forms, ⋆ǫ are the Hodge star operators for the family
of metrics in Eq. (7), and the eta-invariant is defined as usual,
η(⋆d)(s) :=
∑
λ∈spec∗(⋆d)
(sgnλ)|λ|−s, (2)
so that,
η(⋆d) := η(⋆d)(0). (3)
It is shown in [3], for example, that the adiabatic limit,
lim
ǫ→0
η(⋆ǫd), (4)
exists, and in fact, for the case of quasi-regular K-contact three-manifolds, is a topological invariant of X . As is
noted in [3], the adiabatic limit has been known for some time, and has been studied in [4] and [5], for example.
∗
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2This paper explicitly computes the adiabatic limit
lim
ǫ→0
CS(Agǫ)
2π
, (5)
where,
CS(Agǫ) :=
1
4π
∫
X
Tr(Agǫ ∧ dAgǫ + 2
3
Agǫ ∧ Agǫ ∧ Agǫ), (6)
is the gravitational Chern-Simons term defined on a quasi-regular K-contact three-manifold, (X,φ, ξ, κ, g) (see §II).
Let G = Spin(6), Q = TX ⊕ TX viewed as a principal Spin(6)-bundle over X , g ∈ Γ(S2(T ∗X)) a Riemannian metric
on X , φ : Q→ SO(X) a principal bundle morphism, and ALC ∈ ASO(X) := {A ∈ (Ω1(SO(X))⊗so(3))SO(3) | A(ξ♯) =
ξ, ∀ ξ ∈ so(3)} the Levi-Civita connection. Then Ag = φ∗ALC ∈ AQ := {A ∈ (Ω1(Q) ⊗ g)G | A(ξ♯) = ξ, ∀ ξ ∈ g}.
We consider Agǫ defined for the family of metrics,
gǫ = ǫ κ⊗ κ+ dκ(·, J ·). (7)
where ǫ ∈ R is a scalar parameter.
The main motivation for the considerations of this paper come from previous work related to U(1) Chern-Simons
theory [6]. In this work, we are naturally led to compute the adiabatic limit of the regularized eta-invariant,
η(⋆ǫd)
4
+
1
12
CS(Agǫ)
2π
. (8)
for the case of a quasi-regular K-contact three-manifold (see §II). Equation (8) was introduced by Witten in [7] in order
to cancel an anomaly that shows up in the computation of the stationary phase approximation for the Chern-Simons
partition function. By the Atiyah-Patodi-Singer theorem Eq. (8) is a topological invariant and our objective in [6]
was to compute this topological invariant explicitly.
Remark 1 Note that Eq. (8) actually depends on a choice of 2-framing for X, and by a result of Atiyah [8] there
exists a canonical choice of such framing. In our case, we explicitly choose a framing via a particular choice of
Vielbein (See Eq.’s (50) and (51)), and work with this throughout this paper. In particular, we may view Eq. (8) as
a topological invariant without ambiguity.
It turns out that the computation of adiabatic limit of Eq. (8) is all that is required to obtain this explicit
identification. This fact, combined with our analysis in [6], led us to study the limit of Eq. (5).
We note that our computations are modeled on [1]. The novelty in this article is the introduction of the adi-
abatic family of metrics in Eq. (7), for which one must be careful to keep track of the ǫ dependence in the explicit
computation of the gravitational Chern-Simons term of Eq. (6).
The first thing we do is find an explicit formula for the family of metrics in Eq. (7) relative to a special co-
ordinate system that is adapted to our geometric situation. We then observe that the result we obtain is precisely
the Kaluza-Klein Ansatz of [1]. This allows us to carry out the rest of our analysis out in parallel with [1]. We
then compute the Christoffel symbols for the Levi-Civita connection for the family of metrics in Eq. (7). Using
the formulae for the Christoffel symbols and Vielbein, we compute the components of the spin connection Agǫ and
directly evaluate CS(Agǫ). Our computation yields a formula for CS(Agǫ) in “reduced” terms as in [1] and also
provides an explicit identification of the ǫ-dependence for this quantity. We note that the class of quasi-regular
K-contact three-manifolds are necessarily U(1)-bundles that fiber over an orbifold surface Σ. Our main result is the
following:
Theorem 2 Let (X,φ, ξ, κ, g) be a closed, quasi-regular K-contact three-manifold,
U(1)


// X

Σ
.
3Let gǫ := ǫ κ⊗ κ+ π∗h. After a particular choice of Vielbein, (See Eq.’s (50) and (51)) then,
CS(Agǫ) =
( ǫ
2
)∫
Σ
r ω +
(
ǫ2
2
)∫
Σ
f2 ω (9)
where r ∈ C∞orb(Σ) is the (orbifold) scalar curvature of (Σ, h), ω ∈ Ω2orb(Σ) is the (orbifold) Hodge form of (Σ, h), and
f ∈ Ω0orb(Σ) is the invariant field strength on (Σ, h). In particular, the adiabatic limit of CS(Agǫ) vanishes:
lim
ǫ→0
CS(Agǫ) = 0. (10)
II. GEOMETRY
In this section we briefly review our geometric situation. In particular, we recall the definition of a quasi-regular
K-contact manifold and review some standard facts about these structures in the case of dimension three.
Remark 3 Our three-manifolds X are assumed to be closed throughout this paper.
Definition 4 A K-contact manifold is a manifold X with a contact metric structure (φ, ξ, κ, g) such that the Reeb
field ξ is Killing for the associated metric g, Lξg = 0.
where,
• κ ∈ Ω1(X) contact form, ξ ∈ Γ(TX) Reeb vector field.
• H := kerκ ⊂ TX denotes the horizontal or contact distribution on (X,κ).
• φ ∈ End(TX), φ(Y ) = JY for Y ∈ Γ(H), φ(ξ) = 0 where J ∈ End(H) complex structure on the contact
distribution H ⊂ TX .
• g = κ⊗ κ+ dκ(·, φ·)
Remark 5 Recall that the defining condition for a contact form κ ∈ Ω1(X) is κ ∧ dκ 6= 0. Also recall that the Reeb
vector field ξ ∈ Γ(TX) is uniquely defined by κ by the conditions ιξκ = 1 and ιξdκ = 0, where ιξ denotes contraction
of differential forms with the vector field ξ. Note that we will assume that our contact structure is “co-oriented,”
meaning that the contact form κ ∈ Ω1(X) is a global form. Generally, one can take the contact structure to be defined
only locally by the condition H := kerκ, where κ ∈ Ω1(U) for open subsets U ∈ X contained in an open cover of X.
Definition 6 The characteristic foliation Fξ of a contact manifold (X,κ) is said to be quasi-regular if there is a
positive integer j such that each point has a foliated coordinate chart (U, x) such that each leaf of Fξ passes through
U at most j times. If j = 1 then the foliation is said to be regular.
Definitions (4) and (6) together define a quasi-regular K-contact manifold, (X,φ, ξ, κ, g). Such three-manifolds are
necessarily “Seifert” manifolds that fiber over a two dimensional orbifold Σ with some additional structure. Recall:
Definition 7 A Seifert manifold is a three-manifold X that admits a locally free U(1)-action.
Thus, Seifert manifolds are simply U(1)-bundles over an orbifold Σ,
U(1) 

// X

Σ
.
We have the following classification result: X is a quasi-regular K-contact three-manifold ⇐⇒
• [9, Theorem 7.5.1, (i)] X is a U(1)-Seifert manifold over a Hodge orbifold surface, Σ.
• [9, Theorem 7.5.1, (iii)] X is a U(1)-Seifert manifold over a normal projective algebraic variety of real dimension
two.
4Example 8 All 3-dimensional lens spaces, L(p, q) and the Hopf fibration S1 →֒ S3 → CP 1 possess quasi-regular
K-contact structures. Note that any trivial U(1)-bundle over a Riemann surface Σg, X = U(1) × Σg, possesses no
K-contact structure [10], however, and our results do not apply in this case.
Remark 9 Note that in fact our results apply to the class of all closed Sasakian three-manifolds. This follows from
the observation that every Sasakian three-manifold is K-contact [11, Corollary 6.5], and every K-contact manifold
possesses a quasi-regular K-contact structure [9, Theorem 7.1.10].
A useful observation for us is that for a quasi-regular K-contact three-manifold, the metric tensor gǫ must take the
following form [9, Theorem 6.3.6]:
gǫ = ǫ κ⊗ κ+ π∗h (11)
where π : X → Σ is our quotient map, and h represents any (orbifold) Ka¨hler metric on Σ which is normalized so
that the corresponding (orbifold) Ka¨hler form, ω ∈ Ω2orb(Σ, R), pulls back to dκ.
III. GRAVITATIONAL CHERN-SIMONS
In order to perform the computation of the gravitational Chern-Simons term in Eq. (6) explicitly, we will adopt
the conventions of [1]; indexing everything in sight and working in local coordinates. To this end, we express the
gravitational Chern-Simons term in a coordinate system {x0, x1, x2} as follows:
CS(Agǫ) :=
1
4π
∫
X
d3x ǫµνλ Tr
(
(Agǫ)µ∂ν(A
gǫ)λ +
2
3
(Agǫ)µ(A
gǫ)ν(A
gǫ)λ
)
, (12)
where µ, ν, λ ∈ {0, 1, 2}, and ǫµνλ is the three-dimensional Levi-Civita symbol, normalized so that ǫ012 = 1, and
defined for any σ ∈ S3 = {permutations of {0, 1, 2}} by:
ǫσ(012) := (−1)|σ|, (13)
where |σ| denotes the sign of sigma as a permutation, so that
|σ| :=
{
0 if σ is even,
1 if σ is odd.
(14)
Note that repeated indices are allowed, and our definition of ǫµνλ implies that ǫµνλ = 0 whenever any of
µ, ν, λ ∈ {0, 1, 2} are equal.
A useful tool in our computation will be the Vielbein formulation of gravity. A Vielbein is a local choice of
orthogonal trivialization of the tangent bundle TX of a (semi-) Riemannian manifold (X,G), where G denotes the
metric tensor.
Remark 10 Note that we will generally write the notation G for our metric interchangeably with gǫ. We will need
to explicitly make the identification G = gǫ later, but for now this simplfies notation. Also note that even though our
choice of Vielbein in Eq.’s (50) and (51) are locally defined, it is shown in [1, Eq. 3.30] that this choice leads to a
global computation. That is, the reduced gravitational Chern-Simons action is gauge and coordinate invariant, which
is manifested precisely in the global expression of Eq. (70).
Let us henceforth assume that M = (X,G) is an oriented Riemannian three-manifold. Given a local chart U ⊂ X , a
Vielbein may therefore be expressed as a triple
{E˜0, E˜1, E˜2} (15)
where E˜A ∈ Γ|U (TX) such that
G(E˜A, E˜B) = ηAB (16)
where A,B ∈ {0, 1, 2}. Note that in a Lorentzian spacetime, ηAB represents the Minkowski metric, of signature
(−,+,+) say, and in a Euclidean spacetime it represents the positive-definite Euclidean metric (so ηAB = δAB, is
5the Kronecker pairing in this case). We will work in a Euclidean signature in this article. Given a choice of local
coordinate system {x0, x1, x2} on X , we define
Gµν := G(∂µ, ∂ν) (17)
and we define the notation E˜µA to represent the coordinates of E˜A in the coordinate system basis {∂0, ∂1, ∂2}:
E˜A =
2∑
µ=0
E˜
µ
A∂µ. (18)
Note that we also adopt the Einstein summation convention, and write
E˜A = E˜
µ
A∂µ, (19)
for example, where it is understood that a sum is taken over the repeated raised and lowered indices. We may then
express Eq. (16) in local coordinates:
Gµν E˜
µ
A E˜
ν
B = ηAB (20)
where µ, ν ∈ {0, 1, 2} are thought of as indexing the spacetime coordinates related to the manifold coordinates
{x0, x1, x2}, and A,B ∈ {0, 1, 2} are thought of as indexing the tangent space coordinates that label the Vielbein. By
dualizing to the cotangent bundle, we also consider
EA := EAµ dx
µ ∈ Γ|U (T ∗X). (21)
which are defined by requiring
EA(E˜B) = δ
A
B . (22)
Let Gµν denote the inverse of Gµν , so that G
µλGλν = GνλG
λµ = δµν . Our relevant relations for the Vielbein are
then:
E˜
µ
AE
A
ν = δ
µ
ν , E
A
µ E˜
µ
B = δ
A
B (23)
Gµν E˜
µ
A E˜
ν
B = ηAB , Gµν = E
A
µ E
B
ν ηAB (24)
EAµ = Gµνη
ABE˜νB . (25)
Let ∇G : Γ(TX)→ Γ(T ∗X ⊗ TX) denote the standard Levi-Civita connection associated to the metric G on X . Let
Γλµν :=
1
2
Gλρ (∂νGρµ + ∂µGρν − ∂ρGµν) (26)
be the Christoffel symbols relative to the coordinate basis {x0, x1, x2} for the Levi-Civita connection, i.e.
(∇G)∂µ∂ν = Γλµν∂λ. (27)
Our computation is facilitated by the basic relationship between the spin connection AG, and the Levi-Civita
connection ∇G [1, Eq. 2.17]:
[(AG)µ]
A
B = E
A
ν E˜
λ
BΓ
ν
µλ − E˜λB∂µEAλ . (28)
Our goal then is to compute the Christoffel symbols for the family of metrics G = gǫ, which will give us an explicit
formula for the spin connections [(AG)µ]
A
B. We note that in three dimensions, the spin connection is anti-symmetric
in A,B,
[(AG)µ]AB := ηAC [(A
G)µ]
C
B = −[(AG)µ]BA, (29)
and we may use this fact to write
[(AG)µ]AB := ηAC [(A
G)µ]
C
B = ǫABCA
C
µ , (30)
6where ACµ is a vector-valued one-form defined by this relation. We then obtain a slightly simpler expression for
CS(AG) [1, Eq. 2.22]:
CS(Agǫ) = − 1
4π
∫
X
d3x ǫµνλ
(
2ηABA
A
µ ∂νA
B
λ −
2
3
ǫABCA
A
µA
B
ν A
C
λ
)
(31)
= − 1
2π
∫
X
d3x ǫµνλ
(
ηABA
A
µ ∂νA
B
λ
)
+
1
π
∫
X
d3x detAAµ (32)
Note that we have suppressed the Agǫ notation in our integrals to just A. Eq. (30) will be the result that we use to
perform our computation directly.
The first quantities that we wish to compute are the Christoffel symbols. Before we can do this, however, we
will need to find a useful expression for our family of metrics, G = gǫ, in an “arbitrary” coordinate system {x0, x1, x2}
on X that reflects our geometric situation. We follow [12, pg. 265], and introduce a “special coordinate system.”
Such a coordinate system is adapted to our geometric situation in the following sense: We define our coordinates via
the local decomposition of X given by a local trivialization from its bundle structure
π−1(U) ≃ U × S1, (33)
where U ⊂ Σ is any open subset of Σ.
Remark 11 Note that Σ is an orbifold. All of our considerations are completely valid for the orbifold case by
the results of Ichiro Satake [13]. In particular, the notions of (co-) tangent bundles, (co-) tangent vectors, forms,
curvature, integration, Riemannian metrics, orthogonal frames, etc... all have rigorously defined orbifold counterparts.
For example, the decomposition π−1(U) ≃ U × S1 assumes that U ⊂ R2 is an orbifold coordinate chart on Σ. We
do not wish to provide an in depth discussion of this here, and instead refer the reader to either [13], or to [14] for
a very readable account of these constructions. For example, the decomposition π−1(U) ≃ U × S1 above becomes
π−1(Û) ≃ Û × S1 where Û ⊂ R2 is an orbifold coordinate chart on Σ.
If ξ denotes the Reeb vector field on our quasi-regular K-contact manifold, (X,φ, ξ, κ, g), then our coordinate system
is chosen such that ξp = [0, 0, 1], for any p ∈ U , and the first two coordinates {x0, x1} coincide with the coordinates
on our base manifold Σ. We should note that such a choice of coordinates does not necessarily respect the contact
structure, TX ≃ H ⊕ Rξ, of our K-contact manifold (X,φ, ξ, κ, g); i.e. for the coordinates {x0, x1}, the associated
vector fields ∂
∂x0
, ∂
∂x1
are not necessarily horizontal vector fields. The vector fields ∂
∂x0
, ∂
∂x1
may have components in
the Reeb direction:
∂
∂xα
= hα + ϕα
∂
∂x2
, α ∈ {0, 1}, (34)
where hα is the horizontal component of
∂
∂xα
, and ϕα
∂
∂x2
is its vertical component in the direction of the Reeb field.
Clearly, we have chosen our coordinates so that the local vector field ∂
∂x2
coincides with the Reeb direction. We now
wish to express our family of metrics in this coordinate system. By definition:
gǫ = ǫ κ⊗ κ+ π∗h. (35)
Evaluating this in our coordinate system yields:
Gµν = gǫ =
[
hαβ + ǫϕαϕβ ǫϕα
ǫϕβ ǫ
]
. (36)
Our matrix is indexed with the understanding that α, β ∈ {0, 1} and µ, ν ∈ {0, 1, 2} index the entire matrix. We
follow [1] in our notation, and letters from the middle Greek alphabet (λ, µ, ν, . . .) will denote spacetime components
on our three-manifold, while beginning Greek letters (α, β, γ, . . .) will denote spacetime components on our reduced
two-manifold. Tangent space components are generally described by Latin letters, upper case (A,B,C, . . .) for three-
dimensions and lower case (a, b, c, . . .) for two-dimensions.
Remark 12 Note that the K-contact condition (i.e. the Reeb field is Killing for the metric G = gǫ) is crucial for our
analysis and ensures that the quantities, hαβ , ϕα, are independent of the third local coordinate x
2, [12, Eq. 17.60]. It
is precisely this condition that makes our computation of the gravitational Chern-Simons term feasible. This result is
easy to see in our special coordinate system {x0, x1, x2} described above. Recall the definition of the Lie derivative,
Lξg := d
dt
∣∣∣
t=0
φ∗t g, (37)
7where φt : X → X is the flow of ξ. In our coordinate system, φt(x0, x1, x2) = (x0, x1, x2 + t) and the condition
d
dt
∣∣∣
t=0
φ∗t g = 0 is equivalent to
d
dt
∣∣∣
t=0
g ◦ φt = ddt
∣∣∣
t=0
g(x0, x1, x2 + t) = 0. Using our explicit expression for the matrix
g in Eq. (36) above we have
d
dt
∣∣∣
t=0
ϕα(x
0, x1, x2 + t) = ∂2ϕα(x
0, x1, x2) = 0, (38)
and,
d
dt
∣∣∣
t=0
(hαβ + ϕαϕβ)(x
0, x1, x2 + t) = ∂2hαβ + ∂2(ϕαϕβ)
= ∂2hαβ, since ∂2ϕα(x
0, x1, x2) = 0 by Eq. (38),
= 0.
Thus, ∂2ϕα = 0 and ∂2hαβ = 0.
We can now see that the Kaluza-Klein Ansatz of [1, Eq. 3.28] for the metric tensor is given by Eq. (36) and is implied
by our geometric situation (i.e. the assumption that (X,φ, ξ, κ, g) is a closed, quasi-regular K-contact three-manifold).
Note that our sign conventions differ, and we follow [12, Eq. 17.53]. Also, it is not difficult to show that our inverse
metric is given by:
Gµν =
[
hαβ −hαδϕδ
−hβδϕδ ǫ−1 + hδζϕδϕζ
]
, (39)
where hαβ denotes the inverse of the (orbifold) Ka¨hler metric h on Σ. After some calculation, we find that the
Christoffel symbols
Γλµν =
1
2
Gλρ (∂νGρµ + ∂µGρν − ∂ρGµν) , (40)
for the metric G = gǫ may be computed as (see A 1):
Γδαβ = γ
δ
αβ −
ǫ
2
hδζ(ϕβfζα + ϕαfζβ) (41)
Γ2αβ =
1
2
(Dαϕβ +Dβϕα) +
ǫ
2
ϕζ(ϕβfζα + ϕαfζβ), (42)
Γδ2β =
ǫ
2
hδζfβζ (43)
Γ22β =
ǫ
2
ϕζfζβ (44)
Γδ22 = Γ
2
22 = 0. (45)
Some explanation of notation is in order. First, α, β, δ, ζ ∈ {0, 1} index the coordinates on Σ. The γδαβ are the
Christoffel symbols for the Levi-Civita connection of the metric h on Σ:
γδαβ :=
1
2
hδζ (∂βhζα + ∂αhζβ − ∂ζhαβ) . (46)
D is the covariant derivative for the Levi-Civita connection of the metric h on Σ:
Dαϕβ := ∂αϕβ − γζαβϕζ . (47)
fαβ is the “abelian field strength” tensor:
fαβ := ∂αϕβ − ∂βϕα, (48)
and finally, all two-dimensional indices are raised and lowered with the metric h; i.e.
ϕα := hαζϕζ . (49)
8In order to compute our spin connection using Eq. (28), we need an explicit formula for the Vielbein. We choose
these as follows:
Eaα = e
a
α, E
2
2 =
√
ǫ, E2α =
√
ǫϕα, E
a
2 = 0 (50)
E˜αa = e˜
α
a , E˜
2
2 =
1√
ǫ
, E˜2a = −ϕζ e˜ζa, E˜α2 = 0, (51)
where eaα, e˜
α
a are the Vielbein (i.e. Zweibein) for the two-dimensional metric tensor h on Σ. Note that a, α, ζ ∈ {0, 1}
are indices in two-dimensions, and a ∈ {0, 1} denotes the “tangent space coordinates” that index the Zweibein, as
usual. We leave the straightforward confirmation that these formulae define a local orthogonal trivialization to the
reader. Thus, using Eq. (28),
[Aµ]
A
B = E
A
ν E˜
λ
BΓ
ν
µλ − E˜λB∂µEAλ , (52)
and our formulae for the Vielbein and the connection components, we may compute the spin connections [(AG)µ]
A
B :=
[Aµ]
A
B (see A 2):
[Aα]
a
b = e˜
ζ
b
[
−Dαeaζ −
ǫ
2
eaδh
δρϕαfρζ
]
(53)
[Aα]a 2 = −[Aα]2 a = η˜a b
√
ǫ
2
ebδh
δζfαζ (54)
[A2]
a
b =
ǫ
2
e˜
ζ
be
a
δh
δρfζρ (55)
[A2]2 a = [A2]a 2 = 0 (56)
[Aα]
2
2 = [A2]
2
2 = 0 (57)
where we have lowered the two dimensional index on [Aα]a 2 := η˜ab[Aα]
b
2 above. η˜ab is the two-dimensional Kronecker
pairing. Then using Eq. (30) we may compute the quantities ACµ as follows (see A 3):
A2α = −ωα −
ǫ
2
fϕα , A
2
2 = −
ǫ
2
f (58)
Aaα =
√
ǫ
2
eaαf , A
a
2 = 0 (59)
where ωα is defined by the relation ηac(ωα)
c
b =: ωα,ab = ǫabωα, and (ωα)
a
b is the spin connection on Σ:
(ωα)
a
b := e˜
ζ
b∂αe
a
ζ − eaδ e˜ζbγδαζ (60)
= e˜ζbDαe
a
ζ (61)
Also, f ∈ C∞orb(Σ) is the invariant field strength defined by the relation:
fαβ =
√
h ǫαβ f. (62)
Thus, using Eq.’s (58) and (59) and the formula for CS(Agǫ) given by Eq. (32), we find that (see A 4):
CS(Agǫ) = − 1
4π
∫
S1
dx2
∫
Σ
dx0 ∧ dx1
√
h(ǫfr + ǫ2f3) (63)
= −1
2
∫
Σ
dx0 ∧ dx1
√
h(ǫfr + ǫ2f3) (64)
where we take the volume of S1 to be 2π, r ∈ Ω0orb(Σ) is the (orbifold) scalar curvature, and ω ∈ Ω2orb(Σ) is the
(orbifold) Ka¨hler form of Σ. Recall that the Reeb vector field is dual to the one-form κ under our metric gǫ when
ǫ = 1:
κ(·) = g1(ξ, ·). (65)
In our coordinate system, this means:
κ = ϕ0dx
0 + ϕ1dx
1 + dx2. (66)
9We then have:
dκ = (∂0ϕ1 − ∂1ϕ0)dx0 ∧ dx1 = f01dx0 ∧ dx1, (67)
=
√
hfdx0 ∧ dx1 (68)
We have implicitly identified the (orbifold) Ka¨hler form ω on Σ with its pullback under π : X → Σ here in this
coordinate system. Strictly speaking we have:
dκ = π∗ω. (69)
By reversing the orientation of Σ, and substituting ω in for
√
hfdx0 ∧ dx1 in Eq. (64), we obtain:
Theorem 13 Let (X,φ, ξ, κ, g) be a closed, quasi-regular K-contact three-manifold,
U(1)


// X

Σ
.
Let gǫ := ǫ κ⊗ κ+ π∗h. After a particular choice of Vielbein (See Eq’s (50) and (51).) then,
CS(Agǫ) =
( ǫ
2
)∫
Σ
r ω +
(
ǫ2
2
)∫
Σ
f2 ω (70)
where r ∈ C∞orb(Σ) is the (orbifold) scalar curvature of (Σ, h), ω ∈ Ω2orb(Σ) is the (orbifold) Hodge form of (Σ, h), and
f ∈ Ω0orb(Σ) is the invariant field strength on (Σ, h). In particular, the adiabatic limit of CS(Agǫ) vanishes:
lim
ǫ→0
CS(Agǫ) = 0. (71)
Appendix A: Computations
1. Levi-Civita Connection
In this section we explicitly compute the Christoffel symbols
Γλµν =
1
2
Gλρ (∂νGρµ + ∂µGρν − ∂ρGµν) , (A1)
for the Levi-Civita connection ∇G for the family of metrics
Gµν := gǫ =
[
hαβ + ǫϕαϕβ ǫϕα
ǫϕβ ǫ
]
. (A2)
with inverse metric
Gµν =
[
hαβ −ϕα
−ϕβ ǫ−1 + ϕζϕζ
]
. (A3)
Remark 14 We will use the comma notation to denote partial derivatives; i.e. Gρβ,α := ∂αGρβ , and the semi-colon
notation to denote covariant derivatives, so ωαβ;ρ := ∂ρωαβ−Γζαρωζβ−Γζρβωαζ for some (0, 2) tensor ωαβ, for example.
We break this computation down into cases.
I. Γδαβ, δ, α, β ∈ {0, 1}. Reading off the components of the metric from Eq.’s A2 and A3:
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• ρ ∈ {0, 1}:
1
2
Gδρ (Gρβ,α +Gρα,β −Gαβ,ρ)
=
1
2
hδρ ([hρβ,α + ǫ(ϕρϕβ),α] + [hρα,β + ǫ(ϕρϕα),β ]− [hαβ,ρ + ǫ(ϕαϕβ),ρ])
=
1
2
hδρ ([hρβ,α + ǫ(ϕρ,αϕβ + ϕρϕβ,α)] + [hρα,β + ǫ(ϕρ,βϕα + ϕρϕα,β)]) +
− 1
2
hδρ ([hαβ,ρ + ǫ(ϕα,ρϕβ + ϕαϕβ,ρ)])
= γδαβ +
ǫ
2
hδρ ((ϕρ,αϕβ + ϕρϕβ,α) + (ϕρ,βϕα + ϕρϕα,β)− (ϕα,ρϕβ + ϕαϕβ,ρ))
= γδαβ +
ǫ
2
(
hδρ[ϕβ(ϕρ,α − ϕα,ρ) + ϕα(ϕρ,β − ϕβ,ρ)] +
{
ϕδϕα,β + ϕ
δϕβ,α
})
where
γδαβ :=
1
2
hδρ (hρβ,α + hρα,β − hαβ,ρ) (A4)
are the Christoffel symbols for the two-dimensional metric tensor h.
• ρ = 2:
1
2
Gδ2 (G2β,α +G2α,β −Gαβ,2)
=
ǫ
2
(−ϕδ) (ϕα,β + ϕβ,α − [ǫ−1hαβ,2 + (ϕαϕβ),2])
=
−ǫ
2
{
ϕδϕα,β + ϕ
δϕβ,α
}
where the last line follows from the fact that
ǫ−1hαβ,2 + (ϕαϕβ),2 = 0, (A5)
since the ∂2 derivatives of hαβ, and ϕα vanish.
Clearly, the terms in curly brackets cancel in the sum of the ρ ∈ {0, 1} and ρ = 2 cases above,
and we have for δ, α, β ∈ {0, 1}:
Γδαβ = γ
δ
αβ −
ǫ
2
hδζ (ϕβfζα + ϕαfζβ) , (A6)
where,
fαβ := ϕβ,α − ϕα,β . (A7)
II. Γ2αβ, α, β ∈ {0, 1}.
• ρ ∈ {0, 1}:
1
2
G2ρ (Gρβ,α +Gρα,β −Gαβ,ρ)
=
1
2
(−ϕρ) ([hρβ,α + ǫ(ϕρϕβ),α] + [hρα,β + ǫ(ϕρϕα),β ]− [hαβ,ρ + ǫ(ϕαϕβ),ρ])
=
1
2
(−ϕρ) ([hρβ,α + ǫ(ϕρ,αϕβ + ϕρϕβ,α)] + [hρα,β + ǫ(ϕρ,βϕα + ϕρϕα,β)]) +
− 1
2
(−ϕρ) ([hαβ,ρ + ǫ(ϕα,ρϕβ + ϕαϕβ,ρ)])
= −ϕργραβ −
ǫ
2
ϕρ ((ϕρ,αϕβ + ϕρϕβ,α) + (ϕρ,βϕα + ϕρϕα,β)− (ϕα,ρϕβ + ϕαϕβ,ρ))
= −ϕργραβ +
ǫ
2
(ϕρ[ϕβfρα + ϕαfρβ)]− {ϕρϕρϕα,β + ϕρϕρϕβ,α})
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• ρ = 2:
1
2
G22 (G2β,α +G2α,β −Gαβ,2)
=
ǫ
2
(ǫ−1 + ϕζϕζ) (ϕα,β + ϕβ,α) , since Gαβ,2 = 0,
=
1
2
(ϕα,β + ϕβ,α) +
ǫ
2
{
ϕζϕζϕα,β + ϕ
ζϕζϕβ,α
}
Clearly, the terms in curly brackets cancel in the sum of the ρ ∈ {0, 1} and ρ = 2 cases, and we have:
Γ2αβ =
1
2
(ϕα,β + ϕβ,α)− ϕζγζαβ +
ǫ
2
ϕζ [ϕβfζα + ϕαfζβ ]
=
1
2
(Dαϕβ +Dβϕα) +
ǫ
2
ϕζ(ϕβfζα + ϕαfζβ),
where the last line follows from the fact that the Levi-Civita connection is symmetric (i.e. γζαβ = γ
ζ
βα), and
Dαϕβ := ϕβ,α − ϕζγζαβ. (A8)
III. Γδ2β, δ, β ∈ {0, 1}.
• ρ ∈ {0, 1}:
1
2
Gδρ (Gρβ,2 +Gρ2,β −G2β,ρ)
=
ǫ
2
hδρ (ϕρ,β − ϕβ,ρ) , since Gρβ,2 = 0,
=
ǫ
2
hδζfβζ .
• ρ = 2: It is easy to see that
1
2
Gδ2 (G2β,2 +G22,β −G2β,2) = 0. (A9)
This follows from observing that G22,β = ∂βǫ = 0, and the ∂2 derivative G2β,2 vanishes. Thus,
Γδ2β =
ǫ
2
hδζfβζ. (A10)
IV. Γ22β, β ∈ {0, 1}.
• ρ ∈ {0, 1}:
1
2
Gδρ (Gρβ,2 +Gρ2,β −G2β,ρ)
=
ǫ
2
(−ϕρ) (ϕρ,β − ϕβ,ρ) , since Gρβ,2 = 0,
=
ǫ
2
ϕζfζβ.
• ρ = 2: As above, it is not difficult to see that
1
2
Gδ2 (G2β,2 +G22,β −G2β,2) = 0. (A11)
Thus,
Γ22β =
ǫ
2
ϕζfζβ. (A12)
V. Γλ22, λ ∈ {0, 1, 2}. It is also easy to see that
1
2
Gλρ (Gρ2,2 +Gρ2,2 −G22,ρ) = 0. (A13)
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2. Spin Connection
In this section we use our formulae for the Vielbein,
Eaα = e
a
α, E
2
2 =
√
ǫ, E2α =
√
ǫϕα, E
a
2 = 0 (A14)
E˜αa = e˜
α
a , E˜
2
2 =
1√
ǫ
, E˜2a = −ϕζ e˜ζa, E˜α2 = 0, (A15)
and our formulae for the Christoffel symbols for the Levi-Civita connection associated to our family of metrics G := gǫ
to compute the spin connections [(AG)µ]
A
B := [Aµ]
A
B using Eq. 28,
[Aµ]
A
B = E
A
ν E˜
λ
BΓ
ν
µλ − E˜λB∂µEAλ . (A16)
We break this down into cases.
I. [Aα]
a
b , a, b, α ∈ {0, 1}. Plug in the appropriate quantities from Eq.’s A14 and A15 and for the Christoffel
symbols.
• λ, ν ∈ {0, 1}:
Eaν E˜
λ
b Γ
ν
αλ − E˜λb ∂αEaλ = e˜ζbeaδ
(
γδαζ −
ǫ
2
hδρ (ϕζfρα + ϕαfρζ)
)
− e˜ζb∂αeaζ
= e˜ζb
[
(eaδγ
δ
αζ − ∂αeaζ)−
ǫ
2
eaδh
δρϕαfρζ
]
−
{ ǫ
2
e˜
ζ
be
a
δh
δρϕζfρα
}
= e˜ζb
[
−Dαeaζ −
ǫ
2
eaδh
δρϕαfρζ
]
−
{ ǫ
2
e˜
ζ
be
a
δh
δρϕζfρα
}
• λ = 2, ν ∈ {0, 1}:
Eaν E˜
λ
b Γ
ν
αλ − E˜λb ∂αEaλ = eaδ (−ϕζ e˜ζb)
( ǫ
2
)
hδρfαρ
=
{ ǫ
2
e˜
ζ
be
a
δh
δρϕζfρα
}
These two cases, λ, ν ∈ {0, 1} and λ = 2, ν ∈ {0, 1}, are the only cases for which we get a non-zero contribution
to [Aα]
a
b , since the term E
a
ν E˜
λ
b Γ
ν
µλ always vanishes for ν = 2 when a, b ∈ {0, 1} by our formulae for the Vielbein,
and the term E˜λb ∂µE
a
λ vanishes for λ = 2 for the same reason. After observing that the terms in the curly
brackets from the cases, λ, ν ∈ {0, 1} and λ = 2, ν ∈ {0, 1}, cancel in our sum, we obtain:
[Aα]
a
b = e˜
ζ
b
[
−Dαeaζ −
ǫ
2
eaδh
δρϕαfρζ
]
. (A17)
II. [Aα]
a
2 , a, α ∈ {0, 1}. The only terms to contribute to the sum over λ, ν ∈ {0, 1, 2} in the sum of Eq. A16 are
when λ = 2 and ν ∈ {0, 1}, since E˜λ2 = 0 for λ ∈ {0, 1}. Even when λ = 2, the sum E˜λ2 ∂αEaλ = 0 in Eq. A16
since Ea2 = 0 for a ∈ {0, 1}. Thus,
[Aα]
a
2 =
1√
ǫ
eaδΓ
δ
α2
=
1√
ǫ
eaδ
ǫ
2
hδζfαζ
=
√
ǫ
2
eaδh
δζfαζ
By lowering the two dimensional index [Aα]a 2 := η˜ab[Aα]
b
2, with η˜ab the two-dimensional Kronecker pairing, we
obtain
[Aα]a 2 = −[Aα]2 a = η˜a b
√
ǫ
2
ebδh
δζfαζ . (A18)
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III. [A2]
a
b , a, b ∈ {0, 1}. The only terms to contribute to the sum over λ, ν ∈ {0, 1, 2} in the sum of Eq. A16 are
when λ, ν ∈ {0, 1}. All other terms vanish by our formulae for the Vielbein and the Christoffel symbols. Note
that the sum E˜λb ∂2E
a
λ = 0 in Eq. A16 since all ∂2 derivatives vanish for the Vielbein. Thus,
[A2]
a
b = e˜
ζ
be
a
δΓ
δ
ζ2
= e˜ζbe
a
δ
ǫ
2
hδρfζρ
=
ǫ
2
e˜
ζ
be
a
δh
δρfζρ
IV. [A2]
a
2 , a, α ∈ {0, 1}. First, the sum E˜λ2 ∂2Eaλ = 0 in Eq. A16 since all ∂2 derivatives vanish for the Vielbein. The
only term to contribute to the sum over λ, ν ∈ {0, 1, 2} in the sum of Eq. A16 is ν ∈ {0, 1} and λ = 2. Thus,
[A2]
a
2 = E˜
2
2e
a
δΓ
δ
22
= 0
since Γδ22 = 0. By lowering the two dimensional index [A2]a 2 := η˜ab[Aα]
b
2, and using our anti-symmetry
properties, we see
[A2]2 a = [A2]a 2 = 0. (A19)
V. [Aµ]
2
2, µ ∈ {0, 1, 2}. Lastly, since [Aµ]a b is anti-symmetric in a, b, we see trivially that
[Aµ]
2
2 = 0. (A20)
for all µ ∈ {0, 1, 2}.
3. Reduced Spin Connection
In this section we compute the corresponding vector valued one-forms ACµ for our spin connections [(A)µ]
A
B defined
by the relation
[(A)µ]AB := ηAC [Aµ]
C
B = ǫABCA
C
µ . (A21)
Contracting with the Levi-Civita symbol ǫABC , we have
ACµ =
1
2
ǫABCηAD[Aµ]
D
B . (A22)
Eq. A22 combined with our formulae for the spin connections [Aµ]
D
B are the main relations that we use to compute
ACµ throughout this section. As usual, we do this computation in cases.
I. A2α, α ∈ {0, 1}. Let η˜ab denote the two-dimensional Kronecker pairing as usual. Eq. A22 gives us
A2α =
1
2
ǫAB2ηAD[Aα]
D
B (A23)
=
1
2
[η˜0a[Aα]
a
1 − η˜1a[Aα]a0 ] (A24)
=
1
2
[
η˜0ae˜
ζ
1
[
−Dαeaζ −
ǫ
2
eaδh
δρϕαfρζ
]
− η˜1ae˜ζ0
[
−Dαeaζ −
ǫ
2
eaδh
δρϕαfρζ
]]
(A25)
=
{
−1
2
(η˜0ae˜
ζ
1 − η˜1ae˜ζ0)Dαeaζ
}
+
{
− ǫ
4
eaδh
δρϕαfρζ(η˜0ae˜
ζ
1 − η˜1ae˜ζ0)
}
(A26)
We compute the quantities in the curly brackets of Eq. A26 separately. First we recall that the spin connection
(ωα)
a
b on Σ is defined by:
(ωα)
a
b := e˜
ζ
b∂αe
a
ζ − eaδ e˜ζbγδαζ (A27)
= e˜ζbDαe
a
ζ (A28)
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Then ωα is defined by the relation
ωα,ab = ǫabωα = η˜ac(ωα)
c
b (A29)
Thus, we compute the first term in Eq. A26:{
−1
2
(η˜0ae˜
ζ
1 − η˜1ae˜ζ0)Dαeaζ
}
= −1
2
(ωα,01 − ωα,10), by Eq.’s A28 and A29,
= −1
2
(2ωα,01), by anti-symmetry of ωα,ab,
= −ωα, by Eq. A29.
Before computing the second term in Eq. A26, we recall the following relations:
e˜ζq = h
ζλη˜qbe
b
λ, (A30)
fρζ =
√
hfǫρζ , (A31)
ǫab = η˜0aη˜1b − η˜1aη˜0b, (A32)
ǫδλǫabe
a
δe
b
λ = 2
√
h. (A33)
where
ǫδλ = |h|hρδhζλǫρζ (A34)
in Eq. A33. Using Eq.’s A30 and A31, we compute the second term in curly brackets from Eq. A26:{
− ǫ
4
eaδh
δρϕαfρζ(η˜0ae˜
ζ
1 − η˜1ae˜ζ0)
}
= − ǫ
4
√
hfϕα(e
a
δe
b
λ)
(
hρδhζλǫρζ
)
(η˜0aη˜1b − η˜1aη˜0b)
= − ǫ
4
(
√
h)−1fϕα
(
eaδe
b
λǫ
δλǫab
)
, by Eq.’s A32 and A34,
= − ǫ
2
(
√
h)−1fϕα
√
h, by Eq. A33,
= − ǫ
2
fϕα
Thus, we have:
A2α = −ωα −
ǫ
2
fϕα. (A35)
II. A22. As before, we compute:
A22 =
1
2
ǫAB2ηAD[A2]
D
B
=
1
2
[η˜0a[A2]
a
1 − η˜1a[A2]a0 ]
=
1
2
[
η˜0a
[ ǫ
2
e˜
ζ
1e
a
δh
δρfζρ
]
− η˜1a
[ ǫ
2
e˜
ζ
0e
a
δh
δρfζρ
]]
= − ǫ
4
√
hfebλe
a
δ (h
δρhζλǫρζ) (η˜0aη˜1b − η˜1aη˜0b) , by Eq.’s A30 and A31,
= − ǫ
4
(
√
h)−1f(eaδe
b
λǫ
δλǫab), by Eq.’s A32 and A34,
= − ǫ
2
(
√
h)−1f
√
h, by Eq. A33,
= − ǫ
2
f
Thus, we have:
A22 = −
ǫ
2
f. (A36)
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III. Aaα, a, α ∈ {0, 1}. Before we perform this computation we recall:
e˜δa = (
√
h)−1ǫλδǫabebλ (A37)
Let â ∈ {0, 1}\{a} be the element of {0, 1} that represents the compliment of a ∈ {0, 1}. We then compute:
Aaα =
1
2
ǫABaηAD[Aα]
D
B
=
1
2
ǫaâ
[
ηâD[Aα]
D
2 − η2D[Aα]Dâ
]
=
1
2
ǫaâ [[Aα]â2 − [Aα]2â]
= ǫaâ[Aα]â2, by anti-symmetry of [Aα]ab,
= ǫaâη˜â b
√
ǫ
2
ebδh
δζfαζ
= ǫaâ
√
ǫ
2
√
hf e˜
ζ
â ǫαζ , by Eq.’s A30 and A31,
= ǫaâ
√
ǫ
2
√
hf [(
√
h)−1ǫλζǫâbebλ] ǫαζ , by Eq. A37,
=
√
ǫ
2
f [ǫλζ ǫαζǫaâǫâbe
b
λ]
=
√
ǫ
2
f [δλαe
a
λ]
=
√
ǫ
2
f eaα.
Thus, we have:
Aaα =
√
ǫ
2
f eaα. (A38)
IV. Aa2 , a ∈ {0, 1}.
Aa2 =
1
2
ǫABaηAD[A2]
D
B
=
1
2
ǫaâ
[
ηâD[A2]
D
2 − η2D[A2]Dâ
]
=
1
2
ǫaâ [[A2]â2 − [A2]2â]
= ǫaâ[A2]â2, by anti-symmetry of [Aα]ab,
= 0, since [A2]a2 = 0 in general.
Thus,
Aa2 = 0. (A39)
4. Reduced Gravitational Chern-Simons
In this section we compute the gravitational Chern-Simons term CS(Agǫ) in terms of reduced quantities using Eq.
32:
CS(AG) = − 1
2π
∫
X
d3x ǫµνλ
(
ηABA
A
µ ∂νA
B
λ
)
+
1
π
∫
X
d3x detACµ . (A40)
I. We first compute ǫµνληABA
A
µ ∂νA
B
λ from the first integral term. First observe that A
a
µ∂νA
a
λ = 0 for any a ∈ {0, 1}
and any permutation σ(012) = µνλ, since if ν = 2, then all ∂2 derivatives vanish, and if ν 6= 2 then Aa2 = 0 by
our previous results. Thus, we only need compute the term ǫµνλA2µ∂νA
2
λ, where ν 6= 2. We do this in cases.
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• (µ, ν, λ) = (2, 0, 1):
ǫ201A22∂0A
2
1 = [−
ǫ
2
f ] · ∂0[−ω1 − ǫ
2
fϕ1]
= [
ǫ
2
f ] · ∂0[ω1 + ǫ
2
fϕ1]
• (µ, ν, λ) = (2, 1, 0):
ǫ210A22∂1A
2
0 = −[−
ǫ
2
f ] · ∂1[−ω0 − ǫ
2
fϕ0]
= −[ ǫ
2
f ] · ∂1[ω0 + ǫ
2
fϕ0]
• (µ, ν, λ) = (0, 1, 2):
ǫ012A20∂1A
2
2 = [−ω0 −
ǫ
2
fϕ0] · ∂1[− ǫ
2
f ]
= [ω0 +
ǫ
2
fϕ0] · ∂1[ ǫ
2
f ]
• (µ, ν, λ) = (1, 0, 2):
ǫ102A21∂0A
2
2 = −[−ω1 −
ǫ
2
fϕ1] · ∂0[− ǫ
2
f ]
= −[ω1 + ǫ
2
fϕ1] · ∂0[ ǫ
2
f ]
Adding these four cases together and grouping terms by powers of ǫ we obtain:
ǫµνλA2µ∂νA
2
λ =
( ǫ
2
)
[f(∂0ω1 − ∂0ω1) + (ω0∂1f − ω1∂0f)] +
+
( ǫ
2
)2
[(f∂0(fϕ1)− f∂1(fϕ0)) + (fϕ0∂1f − fϕ1∂0f)]
=
( ǫ
2
)
[2f(∂0ω1 − ∂1ω0) + {∂1(ω0f)− ∂0(ω1f)}] +
+
( ǫ
2
)2
[f2(∂0ϕ1 − ∂1ϕ0)]
The term in curly brackets in the second last line above yields a global exact form on Σ, and since ∂Σ = ∅,
Stokes’ theorem implies that this term vanishes in the integral of Eq. A40. It is also well known that the term in
the second last line above, ∂0ω1 − ∂1ω0 = 12
√
hr, where r ∈ Ω0orb(Σ) is the (orbifold) scalar curvature of (Σ, h).
Also, the term ∂0ϕ1 − ∂1ϕ0 = f01 =
√
hf . Thus, we may write:∫
X
d3x ǫµνλ
(
ηABA
A
µ ∂νA
B
λ
)
=
∫
S1
dx2
∫
Σ
dx0 ∧ dx1
√
h
[( ǫ
2
)
fr +
( ǫ
2
)2
f3
]
(A41)
This completes our computation of the first integral term in Eq. A40.
II. We now compute the second integral term detACµ from Eq. A40. For this we note that detA
C
µ may be computed
directly, since:
ACµ =
[ √
ǫ
2 e
a
αf 0
−ωα − ǫ2fϕα − ǫ2f
]
. (A42)
Thus,
detACµ = det
(√
ǫ
2
eaαf
)
·
(
− ǫ
2
f
)
=
( ǫ
4
f2 det(eaα)
)
·
(
− ǫ
2
f
)
= −1
2
( ǫ
2
)2√
hf3, since det(eaα) =
√
h.
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Thus, ∫
X
d3x detACµ =
∫
S1
dx2
∫
Σ
dx0 ∧ dx1
√
h
[
−1
2
( ǫ
2
)2
f3
]
. (A43)
Adding our main results from Eq.’s A41 and A43, we obtain:
CS(Agǫ) = − 1
4π
∫
S1
dx2
∫
Σ
dx0 ∧ dx1
√
h(ǫfr + ǫ2f3). (A44)
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